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Integrating the structure prior in modeling has achieved considerable attention in pattern recognition and
computer vision. Most current state-of-the-art methods (such as low rank representation and structured
sparsity) search for a structured metric to fit the structure of the estimated variate, which either bear
high time complexity (e.g., compute singular value decomposition for large-scale matrices), or cannot ef-
fectively exploit structure information of a matrix variate. In this work, we introduce a nesting-structured
nuclear norm to characterize the matrix variate with structure prior and provide a unified framework
for solving nesting-structured nuclear norm minimization (NSNM) problem by resorting to an improved
sub-gradient method. This not only takes local and global structures of the matrix variate into joint con-
sideration, but also enjoys the lower time complexity than traditional nuclear norm minimization. The
revealed statistical meaning explains the rationality of the proposed method. Moreover, we apply NSNM
to matrix regression and completion problems, respectively. The extensive experiments for face recogni-
tion and large-scale matrix completion clearly demonstrate the superiority of NSNM over some existing

methods.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

In the past few years, incorporating structured priors in statis-
tical model has become a popular technique for coping with vari-
ous estimation tasks since it can provide a natural characterization
over the relationships between data. As the successful applications
of this view, low rank minimization has shown great potential in
numerous fields such as machine learning, signal processing and
so on.

It is known that using low rank function to constrain a matrix
variate can capture its global structure, which leads to the increas-
ing interest in matrix completion and subspace segmentation prob-
lem since the intrinsic dimensionality of high-dimensional data
is in fact much smaller, i.e., they often lie in low dimensional
structures. The most representative models around this view are
Low Rank Representation (LRR) [1] and Robust Principle Compo-
nent Analysis (RPCA) [2]. Their common characteristic is regard-
ing samples to be correlated, but the stretching of each sample
inevitably destroys its spatial structure. In fact, there also exist
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correlations between pixels of a single sample in some applica-
tions. Taking advantage of this fact, nuclear norm based matrix re-
gression (NMR) [3] and Nuclear Norm-Based 2-DPCA (N-2-DPCA)
[4] integrated the relationships of pixels in the error images caused
by the spatially contiguous variations into modeling for face recog-
nition, which is carried out by virtue of low rank assumption of
the error matrix. Chen et al. [5] and Luo et al. [6] considered the
similar problem from the viewpoint of the dependent matrix dis-
tribution. Subsequently, Luo et al. [7] and Luo et al. [8] further ex-
tended the above models resorting to Schatten p-norm and tree
structure, respectively. In addition, Xu et al. [9] exploited the low-
rank structure of the multi-label predictor in multi-label learning.
Yan et al. [10] used Maximum-Margin Matrix Factorization to ac-
complish collaborative prediction of rating data by emphasizing
the low-rank structure of the desired data. For more related stud-
ies on rank function minimization, please see [11-14].

The promising results in the above work demonstrate that low
rank can effectively characterize the global structure of a matrix
variate, but the local structure for a matrix variate also exists and
is very crucial for the face recognition problem. For instance, the
face images of 120 individuals from AR database are resized to
45 x 30. For each individual, a clean face image and a face image
with sunglasses are chosen (as shown on the left side of Fig. 1).
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Clear image

Occluded image

Error image

Fig. 1. (a) The illustration for showing the local correlation of the pixel-errors, where the right image is the correlation map of pixels in the red box area of the left error
image; (b) The illustration for showing correlation of blocks, where the right image is the correlation map of nuclear norm of blocks (i.e., pixels in matrix B) in left error

image.

Thus, 120 noise images caused by sunglasses are generated. Each
noise image is partitioned into 9 x 6 blocks and the size of each
block is 5 x 5. To describe the local correlation structure, we focus
on the local block of each error image. Firstly, a certain block in the
error image is chosen and marked as the red box. The correlation
map of pixels in this block is presented in Fig. 1(a). It is clear that
most pixels in red box are highly correlated. And this trend will
become more evident with the narrowing of red box area. Next,
we further investigate the relationships between blocks. Note that
the structured attribute of nuclear norm, we attempt to use nu-
clear norm to measure each block, i.e., nuclear norm of each block
is calculated to represent the corresponding block. Using the nu-
clear norm of each local block as an element and keeping their
relative position, we can form a new matrix B, which to some ex-
tent reflects the global structure of the original error image. As a
result, 120 random matrices of dimensions 9 x 6 are acquired. The
correlation map of elements in B is shown in Fig. 1(b). It is found
from Fig. 1(b) that these blocks are also correlated. By the above
analysis, there is no doubt that both local structure and structure
among local blocks in an error image exist and the local structure fac-
tually plays a dominant role. Accordingly, how to merge these useful
structure information into a unified framework to realize the per-
formance promotion turns into a valuable and challenging issue.
It is worth noting that some methods mentioned above, includ-
ing LRR, RPCA and NMR, replace rank function with its tightest
convex surrogate over the unit spectral norm ball, namely nuclear
norm, to facilitate the design of algorithm. They suffer from the
high computational cost to compute the singular value decompo-
sition (SVD) in each iteration, especially for the large-scale ma-
trix. Therefore, reducing the time complexity in SVD is extremely
helpful for speeding up the algorithm. Toward this end, Lu et al.
[15] presented a fast SVD method for multilevel block Hankel ma-
trices. They used Lanczos process to reduce the MBH matrix into
a bidiagonal or tridiagonal matrix and the SVD is implemented

on the reduced matrix using the twisted factorization method.
Majumdar et al. [16] decreased the complexity by computing a
Cholesky decomposition instead of SVD. Cai et al. [17] computed
the singular value thresholding (SVT) for a given matrix without
SVD, which is carried out by two steps, namely, the polar decom-
position step and the projection step done by Newton’s method.
Oh et al. [18] proposed a fast approximate SVT method by exploit-
ing the property of iterative NNM procedures, which avoids the di-
rect computation of SVD. The interested reader is referred to [19-
21] for more techniques about the approximated SVD. These ways
to some extend decrease the computation complexity in the tra-
ditional nuclear norm minimization. Nonetheless, they either fo-
cus on the specific cases, or are only the approximation of SVD,
which may be far away from the essential attributes of nuclear
norm characterizing the structure, leading to an impractical result.

On the basis of the above analysis, this paper will establish
a nesting structure for a matrix and use it to induce a nesting-
structured nuclear norm minimization model. This not only takes
local and global structures of a matrix variate into joint consider-
ation, but also affords the lower time complexity than traditional
nuclear norm minimization. Specifically speaking, we partition an
original matrix A! into several blocks. Differing from the structured
sparsity inducing norm [22-25], which stretches each block into
a vector and uses L, or L,, norm to constrain it, here we keep
the original matrix form of each block and use nuclear norm to
directly characterize it. Due to the structure attribute of nuclear
norm, this can exploit effectively the structure of each block which
can be viewed as the local structure of the matrix Al. As the ex-
periment in Fig. 1(b), we can obtain an external matrix A2, each
element of which coincides with the nuclear norm of the corre-
sponding block in Al. Such a process is repeated continually. We
eventually obtain a matrix Ak which only includes an element. Ob-
viously, each matrix A!, where | =1, ..., k, possesses the smaller
size than the original matrix Al. Then, the nuclear norm is acted
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Fig. 2. An example for explaining nesting structure.

on each external matrix A! to further exploit the structure of the
original matrix A!, which produces the nesting-structured nuclear
norm. Using nuclear norm to characterize these external matrices
factually captures the global structure of the original matrix variate
since it incorporates all local structures into modeling. We estab-
lish a unified framework for nesting-structured nuclear norm mini-
mization by developing an improved Sub-gradient method to solve
the proposed model. This adds a popular accelerated scheme and a
forcing descent technique into the traditional sub-gradient to sta-
bilize and speed up the iterative process. Unlike the traditional nu-
clear norm minimization models, which compute the SVD on the
original matrix, the proposed approach only needs to implement
SVD on some generated small-scale matrices. Under a matrix vari-
ate distribution, the statistical meaning of the proposed framework
is provided by seeking its maximum a posteriori probability esti-
mation solution. Additionally, the essence of the proposed distri-
bution for characterizing some structural variates is also revealed.
The proposed method is applied on matrix regression and comple-
tion, respectively. A series of experiments on face recognition and
large-scale matrix completion show the advantages of our method
over some existing methods.

Notations. Throughout this paper, the bold capital and bold low-
ercase symbols are used to represent matrices and vectors, respec-
tively. tr(X) denotes trace of a matrix X and exp( - ) represents the
exponential function. If a square matrix X is positive semi-definite,
we denote it by X > 0. ||X||; denotes L;-norm of the matrix X. ||X||¢
denotes Frobenius norm of the matrix X, which is equal to the L,-
norm of Vec(X) (i.e., ||Vec(X)|,), where Vec(-) is an operator con-
verting a matrix into a vector. % denotes the partial derivative

1
of matrix function h(B) associated with x;.

The remainder of this paper is organized as follows: in the
next section we first give the definition of nesting-structured nu-
clear norm and present a nesting-structured nuclear norm mini-
mization framework, which is solved by an improved sub-gradient
method. Then, the statistical meaning and rationality of the pro-
posed method are investigated in Section 3. The proposed frame-
work is applied to matrix regression and matrix completion in
Section 4. The convergence and complexity analysis for the pro-
posed algorithm are presented in Section 5, and some experimen-
tal results are reported in Section 6. Section 7 contains the conclu-
sions.

2. Nesting-structured nuclear norm minimization

In this section, we first introduce a nesting matrix structure and
make use of it to induce a nesting-structured nuclear norm. Then,
a nesting-structured matrix minimization model is presented and
an improved sub-gradient is developed to solve it.

2.1. Nesting-structured nuclear norm

Partition an original matrix A=A! e R™™ into pxq sub-
matrices as shown in Fig. 2. Here each sub-matrix A}j € RPi*4j,

wherei=1,....p,j=1,....q, X, pj=n, and 3] | q; = m. Given
a matrix norm || - ||;; and calculate al?j :w}j||A}j||m, where wilj> 0
is the weight of ||A}j||in. Thereby we can obtain a new matrix A2,

Table 1
Various types of norms induced by nesting structure.
o pq I Tlex I i wij Q(A)
o1 =1, / -1l / / lIAll-
0 =00#1) Il 1l LY
- 1le IAllF
oy #0,
0.12 jo(l # 2) ‘I; = }* ” ° Hl ” ° ”2 Wij >0 group sparsity norm

0,20 - -1l -1l AL w0

Such a process is repeated sequentially. Ultimately, the matrix Ak
is generated. We call the procedure from A! to A¥ as Nesting Struc-
ture with depth k. As the illustration in Fig. 1(a), we use nuclear
norm to constrain each Agj (i.e., the sum of singular values of Afj,
which is denoted by ||Afj||*), where [ =1,...,k, to exploit fully
the structure of the block Agj, that is to say, || - lip = || - I|+. Mean-
while, according to the observation in Fig. 1(b), we employ nuclear
norm to act on each Al to exploit the global structure of A. De-
note Q(A) = 31, 01 |A'l[,= |A]l+.w;.«.0,, Where o> 0, then Q(A)
is called as nesting-structured nuclear norm' with regard to A.

It is easy to see that the nesting-structured nuclear norm not
only captures the pixel-level structure of a matrix variate, but also
considers the block-level structure, while other norms such as nu-
clear norm or structured sparsity inducing norm cannot do these.
Throughout this paper, we only consider the second layer in this paper
for the convenience, i.e., 0, #0 but o; = 0(I # 2).

Remark 1. In the framework of nesting structure, some other
choices can be acted on |- |lex and | - ||;5, which induces various
types of norms as summarized in Table 1.

2.2. Nesting-structured nuclear norm minimization

In this subsection, we propose a nesting-structured nuclear
norm minimization (NSNM for short) model as follows:

min [fX)1 ;..o + 08X)- (1)

where f(X) : R™*™ — R™M s an affine function with regard to X,
g(X) : R™™ — R is a general matrix function (note that g(X) may
be non-smooth), and the parameter p > 0 is a tradeoff between the
two items (i.e., ||f(X)||*,Wl.j,,f,gl and g(X)). Meanwhile, it is also as-
sumed that f(X) or g(X) includes the observation D. Since nuclear
norm is a special case of nesting-structured nuclear norm, model
(1) factually generalizes the unconstrained versions of the general
nuclear norm minimization problems [1-14]. Owing to the non-
smoothness of g(X), some gradient based methods (e.g., SDM [26],
APG [27]) cannot be used to solve (1) (since the convergence can-
not be guaranteed). As for ADMM, we need to convert (1) into the
following constrained version:

N [E]. ... + PEX), 5.LE = F(X). @)

T When k=1, Q(A) strictly defines a norm that satisfies the three norm condi-
tions, while it defines a quasi-norm when k>1 (the detailed proof is seen in supple-
mental materials). Because the mathematical formulations and derivations in this
paper equally apply to both norm and quasi-norm, we do not differentiate these
two concepts for notation brevity.
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However, it is difficult to obtain a closed-form solution for the
key sub-problem with regard to nesting-structured nuclear norm.
Compared with the above two methods, sub-gradient based meth-
ods are easier to implement due to its relaxed conditions.

2.3. The proposed algorithm

Sub-gradient method [28] was originally developed by Shor in
the 1970s, the core iteration of which can be considered as a
generalization of gradient method for non-differentiable function.
There have been many studies focusing on this method. Specif-
ically, Boyd et al. [29] analyzed the convergence of sub-gradient
method for different types of step size rules. Nedic and Ozdaglar
[30] investigated sub-gradient method for computing the sad-
dle points of a convex-concave function. Nesterov and Shikhman
[31] developed a quasi-monotone sub-gradient method, which
guarantees the best possible rate of convergence for the whole se-
quence of test points.

As we know, the concept of proximal operator plays the central
role in proximal gradient methods. Analogously, Rockafellar et al.
introduced proximal map for a non-convex (even non-smooth)
function in [32]. Along this line, Bolte et al. [33] established a
proximal alternating linearized minimization (PALM) algorithm for
non-convex and non-smooth minimization problems and derived
a new and simple globally convergent algorithm for solving the
sparse nonnegative matrix factorization problem. Afterward, Cruz
et al. [34] presented a variant of the proximal forward-backward
splitting iteration for solving the non-smooth problem.

The main advantage of sub-gradient based methods is the
wider application than some existing methods. In this paper, we
will apply the above proposed methods to solving the model (1).
And yet, sub-gradient based methods give the slow convergence,
that is, it only achieves an optimal convergence rate: O(1/t'/2) un-
der the certain conditions. In addition, it is not a descent method.
Thus, it is desired to integrate some accelerated schemes or de-
scent strategy in design of algorithms to speed up the convergence
and stabilize the iterative trend. To this end, a stochastic sub-
gradient mirror-descent method with weighted iterate-averaging
[35] is investigated and its per-iterate convergence rate is also an-
alyzed. Surprisingly, by suitably choosing the step size values, one
can obtain the rate of the order 1/t for strongly convex functions.
Coincidentally, Neumaier [36] proposed a fast sub-gradient algo-
rithm with optimal complexity both for the general non-smooth
case and for the strongly convex case.

Zhang et al. [37] recently presented Rapidly Accelerated Prox-
imal Gradient (RAPID) method for convex minimization. They in-
troduced a simple line search step after each proximal gradient
step in Accelerated Proximal Gradient (APG). A series of exper-
iments showed the advantages of RAPID over APG. But for nu-
clear norm minimization, it still faces two SVD for the large-
scale matrix due to the computation of auxiliary parameter. As
mentioned before, RAPID or APG cannot be applied on problem
(1) since both ||f(X)||*,W,.j,*_gl and g(X) are non-differentiable. And
yet, we are able to merge their accelerated schemes into the orig-
inal sub-gradient method, which induces an improved gradient
method. Denoting ]J(X) = ||f(X)II*,W,.j_w,—i-pg(X), the detailed iter-
ation procedure of the improved gradient method is summarized
in Algorithm 1.

3. The statistical meaning of the proposed model

In this section, we first analyze the statistical meaning of model
(1) from the viewpoint of maximum likelihood estimation (MLE)
using a matrix distribution, then account for the essence of the
proposed distribution for characterizing the structural matrix vari-
ate.

Algorithm 1 NSNM by the improved sub-gradient method.

Input: data matrix D (or other known matrices), and parameter p.
Initialize: VO = 0,X° =0,Y° =0,60° = 1
While not convergence do
Step 1. Y1 = V' — u'W!, where W' € 3[|J(V*) [|..w;.x.01»
Yi+1 .](Y”]) < ](X[)
t+1 _ - ’
Step 2. X% = {X‘, otherwise,
144/114(09)°
Step 3. 9+1 = v LL -
Step 4. ViHl = X+ (%%‘1)()(“1 _ xt)‘
End while
Output: Optimal regression coefficient vector X'*1.

3.1. The derivation of model (1) by MLE

For the convenience of investigation, let Al = f(X) in model (1).
According to the definition of nesting-structured nuclear norm in
Section 2.1, we can obtain a new matrix A2 denoted by B as shown
Fig. 2. In addition, f(X) is assumed to include the observation D
(e. g f(X) =D —r(X), where r(X): R\*™ — RIx™M js a matrix map-
ping). According to the results in [6], the matrix variate B can be
assumed to has a distribution of

P(BIM. Z. A.C) = Cexp <_%tr((3 _MYTEB - M)A)l/z) 5

where C the positive proportionality constant. Notice that each el-
ement of B corresponds to each block of A! and A! = f(X), then
B can be regarded as the matrix function associated with X. Then,
(3) can be rewritten as

P(D|X, M, =, A, C) = Cexp (_%tr((B _M)TEB - M)A)m)’

(4)
where MeR"™™M ¥ cR"" AeR™*™ and %, A>0.
Meanwhile, the prior for the variate X is assumed to be:

P(X|v) = cexp (-8(X)/v). (3)

where v >0 denotes the hyper-parameters associated with the
prior of X and c is the positive proportionality constant. Thus, the
posterior distribution for X can be written as

P(XIM, X, A,C,v) « P(DIX, M, , A, C)P(X|v). (6)

Taking the negative logarithm of Eq. (6) and omitting some con-
stant terms, we can achieve the maximum posterior estimation of
X by

X = argmintr((B - M) EB - M)A)"* + pg(X). 7
X
where p = 2v.

Here, for the convenience, ¥ and A are set as identity matrices,

and M is chosen as a zero matrix, then (7) will be simplified as
X = argmintr(B'B) " + pg(X). (8)
X

Considering tr(BTB)!/2 = ||B||, and B = AZ then (8) ultimately
becomes (1).

3.2. Why use the distribution (3)?

In the following, the rationality of the proposed distribution
(3) will be analyzed. Considering that B is the matrix function as-
sociated with X and connecting (3), the distribution of X can be
concisely express as

P(X) = Cexp (—%tr(BTB)l/Z). (9)
Let L = (BTB)~1/2, then (9) can be equivalently written as

P(X) = Cexp (—%tr((BL“z)T(BL‘/Z))), (10)



—

LR S S N TR

. 8k

%
b o

o SR
L5 ETRE
Ll B0 I R I

198

3 £
f 8 Bb eSS A RITE R
é

e - ey

-

£ 2 88 EYEBQE g

100

Fig. 3. Correlation map of elements in BL'? which corresponds to Fig. 1(b).
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Fig. 4. (a) Original image, (b) recovered image, (c) noise image A'.

Denote Z = BL!/2, then we have
P(Z) = Cexp (- 5tr(2Z)), (11)

Thus, using the distribution (9) to characterize matrix variate X
is equivalent to assuming that the induced matrix variate Z = BL1/2
follows independent Gaussian distribution (11). In the following, it
is verified that matrix variate Z actually follows independent Gaus-
sian distribution.

Firstly, it is shown that L/2 can alleviate the correlation be-
tween pixels of random matrix variate B. Based on the experi-
mental setting in Fig. 1(b), 100 new matrices with dimensions of
24 x 21 (each image is denoted by B) are generated. Now multi-
plying B by L1/2, one obtains 100 random matrices Z = BL'/2. The
correlation map of elements in Z is shown in Fig. 3, from which
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(a) The empirical distribution and the fitted distributions
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we can see that the correlations of pixels in Z are weaker than B and
the elements in Z become independent approximately.

Next, we show that Z=BL!/? approximately follows matrix
variate Gaussian distribution. Fig. 4 shows an original image (size
is 450 x 300) with scarf and slight illumination, and one can de-
compose (a) into the recovered term (b) and noise term (c) which
is denoted by A!. Using the similar strategy in the previous exper-
iment, A! is partition into 30 x 20 blocks, where each block owns
a size of 15 x 15. Thereby a new matrix B is obtained, each ele-
ment of which consists with the nuclear norm of the correspond-
ing block. Fig. 5(a) delineates B fitted by different distributions.
One can see that Gaussian and Laplacian distributions are far away
from empirical distribution. Fig. 5(b) shows the fitted distributions
with regard to BL'/? by different models. Compared with B, the em-
pirical distribution of BL/2 more approaches Gaussian distribution.

The above analysis reveals that the induced matrix variate Z =
BL!/2 approximately follows matrix variate Gaussian distribution
and pixels in Z can be considered to be approximately indepen-
dent. Thus, the effect of matrix L/2 is indeed to alleviate the cor-
relations between pixels in matrix B and make the matrix variate
B approximately Gaussian. It leads to that the distribution (11) is
reasonable for depicting the matrix variate Z since it provides an
optimal characterization for Gaussian data. Back to the distribution
(9), it is evident that using it to constrain B is closer to the real dis-
tribution of B than other distributions. This explains the rationality
of model (1) from the statistical viewpoint. It is also noteworthy that
the above analysis focuses on the matrix B, which represents the
global structure of the original matrix Al. As for the local struc-
tures of Al, the similar results can be obtained.

4. Two applications of NSNM

In this Section, we apply the proposed method to matrix re-
gression and completion, respectively.

4.1. Nesting-structured nuclear norm based matrix regression

For face recognition, given a dictionary M = {M;, M,, ..., M},
where M; eR"*™ (i=1,...,n) is a 2D image matrix. Then, we can
use the dictionary M to represent a test image D (€ R"*™) linearly
as follows:

D =x;M; +x;My+, ..., +x,M; +E, (12)

where {x1,%5,...,x5} is a set of representation coefficients,
X1M; + x,My+, ..., +x,M; is the reconstructed image and E is
the representation residual. By defining the linear mapping
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Qo 1
«
@ el
o
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(b) The empirical distribution and the fitted
distributions of BL'?

Fig. 5. The empirical distributions and the fitted distributions of the induced image B and BL'/2,
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Table 2

The Schemes for Characterizing Residual Term in Some Existing Methods.

SRC CRC LRC RLRC RSC CESR

SSRC [25] NMR

NL;R [6]

L; or L norm L, norm Robust M-estimator

Structures sparsity induced norm

Nuclear norm  Nuclear-L; norm

from R" to R"*™: M(X) = x;{M; +x,M; +, ..., +x,Mp, where x =
[%1. X2, ...,xn]T. Then, the formula (12) can be expressed as

D = M(x) +E. (13)

Eq. (13) can be viewed as the general linear regression model.

Let f(x) =D — M(x) and g(x) = ||x||; in problem (1), then we
can obtain a nesting-structured nuclear norm based matrix regres-
sion (Nesting-NMR) with L; regularization as follows:

min [|D — M|, v, «.0, + LIXI1- (14)

Compared with some recent methods, such as CRC [38], SRC
[39], LRC [40] and the scheme proposed in [41], there exist three
significant advantages for model (14). Firstly, CRC, SRC and LRC
need to stretch the error matrix into a vector in advance. It is un-
reasonable evidently for some structural noise caused by illumina-
tion, occlusion or real disguises due to the correlations between
pixels. Our method directly considers the matrix form of error
term: D — M(x) and does not change the location of each element
in error matrix, thus, the spatial structure in error image is preserved.
Secondly, these existing methods generally use vector-level norm,
such as L; or Ly-norm, to constrain residual term. From the statis-
tical meaning, L; or Ly-norm provides an optimal characterization
for some data following independent Laplace or Gaussian distribu-
tion. As shown in Fig. 5(a), the distributions of some practical noise
will be extremely complicated, thus, independent Laplace or Gaus-
sian distribution cannot characterize perfectly them. Compare with
these known distributions, the proposed distribution (3) is closer to
the real distribution of some structural noise. Finally, NMR also em-
phasizes the global structural information of noise, but it overlooks
the local structure. Our method takes local and global structures of
residual term into joint consideration, thus, it exploits the spatial
structure more effectively than NMR.

Remark 2. It should be noted that RLRC [42], RSC [43] and CESR
[44] use robust M-estimator to fit some practical noise, but they
are still dependent of the independent identically distributed hy-
pothesis, which does not consist with some real- world noise on
account of correlations between pixels. Although SSRC [25] at-
tempts to embed the tree structure into noise and use mixed (L;,
L,) or (L;, L) norm characterize the spatially contiguous noise,
these two norms only exploit the sparsity attribute among groups
and the spatial structure information (as shown in Fig. 1(b)) caused
by different groups is still neglected. For clarity, we list some ex-
isting approaches for characterizing residual term in Table 2.

To use Algorithm 1 to solve model (14), we first need to cal-
culate the sub-gradient of the first part ||D — M(X) I« With
regard to X in the objective (14). Let A=D — M(X),

bu by ... by
b21 b22 e b2q

B=1 . . e
blﬂ bpz e qu

and h(B) = |[B||.. where each b;; = w;;||A;;l. (as shown in Fig. 2).
According to the chain rule, we can compute the partial derivative
of h(B) associated with x; as follows:

T
dh(B) 9h(B)\ 0B
ikl (as) o | (15)

Let PXQ is the singular value decomposition of the matrix B,
then we have PQT € 9||B||. = 0h(B). Meanwhile,

aby by 3by
X X ,%x
dby, b, dbyg
83 _ ox ox 0x
0x : : :
ab,  db, by,
X 0x 0x
For each A;, we assume its SVD is P;X;Q;', where Pi]. €

RPii¥Tij, %, e R, Qe R%*"i, and r;; is the rank of Ay, then it
is easy to see that wl.j/vlij (Pl.jQijT) is a sub-gradient of b; with re-
gard to x, where M;; : RPii*%i — R" is the adjoint mapping of M(-),
ie., MU(XU) = (tr(Ml.ijTXl‘j)’ tr(Mliij[j)’ ey tl‘(Mn”TXU)) Let
Vij = WMy (PUQ,-J-T), and Yiik denote the kth element of yj.
Then,

Yk Yor - Yigk
Yo Your - Yok ou
Y(k) = . . . S TXk
plk ypz.k ypq.k

Thus, Tr(PQ7) Y (k)] & 25E.
By the above analysis, we can obtain a sub-gradient of
||D—M(x)||*wwij‘*,g, W. . t. X! Wy =[wq,W,,...,Wy], where each

wy = Tr| (PQT)TY(k)], k=1,2,...,n. Since the sub-differential of
|IX|l; w. I. t. X can be written as w, = sgn(x), where sgn(-) denotes
the symbolic function, then a sub-gradient of J(x) = f(x) + pg(x) is
ultimately expressed as

W =W; + pW;. (16)

Since the estimated variate is a vector in model (14), then all
uppercase letters in Algorithm 1 will be rewritten as lowercase
letters in this subsection. Then, the core iteration in Algorithm 1,
namely step 1, becomes

yt+1 — V[ _ /-'L[Wts (17)
4.2. Nesting-structured nuclear norm based matrix completion

The matrix completion aims at recovering a low-rank matrix
from partial observations of its entries. Several important real-
world problems can be cast as a matrix completion problem, in-
cluding remote sensing, system identification and recommenda-
tion systems. Utilizing nuclear norm minimization, Candés and
Recht [45] first investigated the noiseless setting for matrix com-
pletion. Subsequently, Candés and Plan [46] further showed that
matrix completion is provably accurate by nuclear norm mini-
mization when the few observed entries are corrupted with a
small amount of noise. Along with these theoretical results, a
large number of efforts have been recently concentrated to develop
low-computational yet effective algorithms to cope with nuclear
norm minimization for matrix completion, such as interior-point
method, singular value thresholding, Alternating Direction Method
of Multipliers, singular value projection, accelerated proximal gra-
dient method and so on. To better approximate the rank function,
Hu et al. [47] introduced truncated nuclear norm regularization
(TNNR) to characterize the matrix variate. Overall experiments on
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synthetic data and real visual data show the advantages of trun-
cated nuclear norm, but it still confronts SVD for a large-scale ma-
trix, and the two-step strategy will consume a large amount of
time. For clarity, we first present the detailed definition of matrix
completion in the following.

Suppose that there exists a location set €2 of size [ x k such that
the x; (x; is an element of matrix XeR"*™) is observed if and
only if (i, j)e Q. It is also assumed that €2 is sampled uniformly
at random. Define Pg(X) as the orthogonal projection of X onto
the subspace of matrices that vanish outside. We aim at recover-
ing X from Pg(X). Combining model (1), let f(X) =X and g(X) =
IPq(X) — Pgo (D)||§, then we can obtain a nesting-structured nu-
clear norm minimization for matrix completion (NNC) as follows:

min||X||, v, ..o, + £lIP2(X) ~Pa(D)]7. (18)

The statistical meaning of (18) can be obtained by using the
similar technique as in Section 3. The difference is that we need
to exchange the roles of f(X) and g(X). Compared to the popu-
lar nuclear norm minimization for matrix completion, the model
(18) shares the lower time completion since the large-scale matrix
X is partitioned into several small blocks. Observing that our view-
point is originated from the spatial dependence between pixels of
X, and combining the statistical meaning of nesting-structured nu-
clear norm, we can see that the proposed problem (18) captures the
global structure of X as well as the local structure more fully than the
general nuclear norm minimization.

In order for achieving the optimal solution of (18) by
Algorithm 1, we first need to acquire a sub-gradient of ||X||*,Wl.j,*_(,,
with regard to X. As in Section 2.1, we view X as the matrix A,
then we have PQ" € d|B||-. Let s = (Vec(QPT))T, where Vec(.) is
an operator converting a matrix into a vector, then a sub-gradient
of ||X||*’Wij’*’01 with regard with X can be expressed as:

Wy Wi . Wy
Wy Wy .. Wy

w =1 . ) ) P (19)
W, W, ... W,

where W,'j = si+i*(j7])PijQ;‘l;‘~

Meanwhile, the gradient of g(X) = ||[Pq(X) — Po(D)||2 can be
written as W, = 2(Pq(X) — Po(D)). Thus, we can get a sub-
gradient of ] = f(X) + pg(X) as: W = W, + pW,. Then, the step 1
in Algorithm 1 can be written as:

Y = V- W (20)
Compared to TNNR, our method computes the SVD on some small-
scale matrices and does not carry out the nesting loop.

Remark 3. By (17) and (20), we see that Algorithm 1 is very sim-
ple and can be applied to a far wider variety of problems than
other methods such as ADMM, gradient based methods and New-
ton’s method.

5. Convergence and complexity analysis

From the forcing descent step, namely step 2 in Algorithm 1,
it holds that the sequence {J(X!)} is decreasing monotonously, i.e.,
JXHH1) < J(X) for all t>0. Connecting J(x') > 0, then the known
monotone bounded theorem implies that the objective function
sequence {J(x!)} generated by Algorithm 1 can ultimately achieve
at an accumulation point as t— oco. Therefore, the convergence of
Algorithm 1 does not rely on the convexity of the problem (1).
Then, given a parameter ¢> 0, it is enough for Algorithm 1 that
we only need to adopt the following termination criterion:

JXH) —J(XH)| <, (21)
where |-| denotes the absolute value function.

5.1. The choice of step size rule

By a series of experiments, we find that the nonsummable di-
minishing rule [29] can obtain the better performance both in
speed and accuracy. Thus, throughout this paper, uf =&/t +1,
where £ €[0.01, 0.1].

The running time of the proposed Algorithm 1 is mainly
embodied in calculating the sub-gradient of the function
||f(X)||*,WI.j,*,gl for the first step, which is closely related
to the designed nesting structure in advance. For the sub-
matrix A; of dimensions p;; x q;;, where we assume p; >g; and
pij=n/p,qij=m/q for all 1<i<n, 1<j<m, the time complexity
of performing SVD is O(pijq,»jz). For the induced matrix B with size
p xq, the time complexity of performing SVD is O(pg®), where
p > q is assumed. Since we only consider the second layer in Fig. 2,
the total time complexity for Algorithm 1 is O(pgp119112 + Pg?).

5.2. The comparison with nuclear norm minimization

For the nuclear norm minimization, the SVD is implemented on
the original matrix A with dimensions of n x m. Assuming m<n,
then the time complexity in the designed algorithm generally is
O(nm?) [56,57]. Because p, q, p;j and g; <norm, we can obtain
that pgp11q12 + pg®> < nm? by the certain partition strategy. Par-
ticularly, suppose that m =n = 100, then the complexity of nu-
clear norm minimization is 0(108), while our method can achieve a
complexity of 0(10%). Therefore, compared with nuclear norm min-
imization, the proposed strategy greatly reduces the time complex-
ity.

6. Experiment and analysis

In this Section, we implement face recognition on four standard
face databases, namely the Extended Yale B database, the AR face
database, Multi-PIE database and FERET database, to validate the
robustness of model (14) for dealing with the structural noise. Sev-
eral experiments on both synthetic data and real visual data are
also conducted to show the effectiveness of model (14) for matrix
completion. In this Section, all weights wy; are set as 1.

In face recognition experiments, the ratio of nesting-structured
nuclear norm of representation residual and L, norm of coefficients
for each class is utilized to measure the distance between recon-
struction image and classes, that is,

1i(D) = [IMX") = M(Ti (X)) |, .0/ 1770 (X |

for i=1,...,k, where m;(x*) is a vector whose only nonzero en-
tries are the entries in x* that are associated with Class i, and x*
is the optimal representation coefficient obtained by Algorithm 1.
Thus, the classification rule is defined as: if r;(D) = miin r;(D), then

2

D belongs to Class L

6.1. Databases

The AR face database [48] contains over 4000 color face images
of 126 people (70 men and 56 women), including frontal views of
faces with different facial expressions, lighting conditions and oc-
clusions. The pictures of most persons were taken in two sessions
(separated by two weeks). Each section contains 13 color images
and 120 individuals (65 men and 55 women) participated in both
sessions. The images of these 120 individuals were selected and
used in our experiment. We manually cropped the face portion of
the image and then normalized it to 50 x 40 pixels.

The extended Yale B face database [49] contains 38 human sub-
jects under nine poses and 64 illumination conditions the light
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(a)

(b)
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Fig. 6. (a) Seven training samples for one person from the extended Yale B database (b) Twelve test samples for one person from the extended Yale B database.

Table 3

The maximal recognition rates (%) of SRC, LRC, CRC, RSC, RLRC, CESR, SSEC, SSRC, NMR NL;R and
nesting-NMR for multiple random occlusions on the Extended Yale B face database.

SRC CRC  LRC RLRC  RSC CESR

SSEC SSRC  NMR  NL;R

Nesting-NMR

41.7 14.7 186 459 46.7 425

18.6 441 474 47.8 69.5

source direction and the camera axis. The 64 images of a subject in
a particular pose are acquired at camera frame rate of 30 frames/s,
so there is only small change in head pose and facial expression
for those 64 images. All frontal-face images marked with POO are
used, and each image is resized to 42 x 48 pixels and 96 x 84 pix-
els, respectively.

The CMU Multi-PIE database [50] contains images of 337 dif-
ferent subjects with variations in pose, expression and illumina-
tion. Individual attendance varies from 249, 203, 230 and 239
for Sessions 1-4. In our experiment, we use the frontal images
with different illuminations and neutral expression. We manually
cropped the face portion of the image and then normalized it to
60 x 45 pixels.

The FERET database [51] contains a total of 13,539 face images
of 1565 subjects. The images vary in size, pose, illumination, fa-
cial expression, and age. We selected 1400 images of 200 indi-
viduals (each one has seven images). Each image was cropped to
40 x 40 pixels.

6.2. Experiments using the Extended Yale B database

We design two groups of experiments based on the Extended
Yale B database. The first experiment is used to test the advan-
tage of our algorithm for dealing with face recognition with artifi-
cial occlusion. To be fair, we use the same experiment setting as in
[1]. Here Subsets 1 and Subsets 3 of Extended Yale B are utilized
for training and testing, respectively. All the face images are re-
sized to 96 x 84. We add five unrelated randomly block images into
each test image in Subset 3. To be challenging, the locations of five
block images are limited to some key parts in a face (but small-
amplitude random changes), e.g., eyes, nose and mouth. The train-
ing samples and test samples for one person are shown in Fig. 6.
The recognition rates of LRC [40], SRC [39], CRC [38], RSC [43],
RLRC [42], CESR [44], SSEC [52], SSRC [25], NMR [3], NL{R [6] and
Nesting-NMR are summarized in Table 3. From Table 3, we can
see that the advantage of the Nesting-NMR is quite evident, which
achieves an improvement of 21.7% than the second best method:
NL{R (47.8%). Although both NMR and NL;R consider the global
structure of the error image, the ignoring of local structure leads to
the undesired performance. Meanwhile, what is noteworthy is that
NMR and NL;R obtain the better results than other methods, which
implies that it is indeed necessary to consider the structure of the
error image in regression based models. Among these vector based
methods, RSC (46.7%) and RLRC (45.9%) show some advantages as

compared to SRC (41.7%) and LRC (18.6%), which demonstrates the
effectiveness of M-estimator for characterizing noise image. The
above results tell us that exploiting fully the structural informa-
tion of noise image can effectively promote the performance of
face recognition.

The second experiment is used to verify the robustness of the
proposed algorithm to illumination. Under the settings of the pre-
vious experiment, Subset 1 is chosen as training images. Subset 4
and 5 are selected as testing images, respectively. Fig. 7 exhibits
the samples for one person. Table 4 lists the results of some latest
approaches and the proposed method. We can find that Nesting-
NMR overall achieves much higher recognition rates than the other
methods. Meanwhile, it is seen that some image-level methods,
such as NMR, NL;R and Nesting-NMR show the better results than
vector-level methods such as SRC and CRC, which demonstrates
that the face recognition performance benefits from the exploit-
ing of the spatial structure for the face images. For Subset 4, at
least 5.5% improvement is achieved by Nesting-NMR as compared
to RLRC. For Subset 5, the advantage of Nesting-NMR is more ap-
parent. The recognition rates of other methods are all less than
50%, while that of the proposed method reaches 63.5%. It seems
that the effect of the structure information to recognition perfor-
mance become more important with the increasing of illumination
level. Therefore, considering the spatial structure of an error im-
age is indispensable in face recognition with illumination changes.
Meanwhile, connecting the global with local structures of the error
image can further improve the performance of face recognition.

6.3. Experiments using the AR database

We evaluate the effectiveness of Nesting-NMR in coping with
face recognition with real disguise on the AR database. Twenty-
six face images of these 120 individuals are selected and used in
our experiment. Eight images of them are used for training, which
vary as follows: (a) neutral expression, (b) smiling, (c) angry, (d)
screaming, (e)-(h) are taken under the same conditions. Eighteen
images of them are used for testing, but we will set two differ-
ent cases: (1) face images with glasses: Images from the testing
set vary as follows: (i) wearing sunglasses (j) wearing sunglasses
and left light on (k) wearing sunglasses and right light on, and (1)-
(n) are taken under the same conditions as (i)-(k). (2) face images
with scarf: Images from the testing set vary as follows: (i) wearing
scarf (j) wearing scarf and left light on (k) wearing scarf and right
light on, and (1)-(n) are taken under the same conditions as (i)-(k).
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(a) Subset 4

Fig. 7. Sample images with different illumination conditions from the Extended Yale B database.

(b) Subset 5

Face images with scarf

Training images Face images with glasses

Fig. 8. The sample images for one person from AR face database.

Table 4
The maximal recognition rates (%) of SRC, LRC, CRC, RSC, RLRC, CESR, SSEC, SSRC, NMR NL;R and nesting-NMR for
illumination changes on the Extended Yale B face database.

Cases SRC CRC LRC RLRC  RSC CESR  SSEC SSRC  NMR NL;R  Nesting -NMR

Subset 4 784 88.0 876 897 80.5 36.8 20.6 79.3 90.2 93.9 95.2
Subset 5 288 357 422 432 367 222 12.5 324 479 48.1 63.5

Table 5
Recognition rates (%) of LRC, CRC, SRC, CESR, RSC, SSEC, NMR, NL;R and nesting-NMR for real disguise on the AR

Database.

Cases SRC CRC LRC RLRC  RSC CESR

SSEC  SSRC  NMR NL;R  Nesting -NMR

Glasses 945 885 912 947 922 951
Scarf 546 610 276 529 60.2 349

821 95.2 95.3 95.5 96.5
42.9 613 65.0 64.8 68.5

All the face images are resized to 45 x 30. Thus, for each case, the
total number of training samples is 840. Fig. 8 presents the sample
images for one person from AR database.

In all cases mentioned above, SRC, LRC, RLRC, CRC, RSC, CESR,
SSEC, SSRC, NMR, NL;R and the proposed Nesting-NMR are, respec-
tively, used for face classification. The maximal recognition rate of
each method is compared in Table 5, from which we find that
Nesting-NMR gets the better results than state-of-the-art meth-
ods. For face recognition with glasses, the performances of CESR
and SRC is very competitive, which achieve the recognition rates
of 95.1% and 94.5%, respectively. For scarf disguise, NMR works
the second best, but lags behind our method by 3.5%. As the pre-
vious experiments, CRC (88.5%, 61.0%) and LRC (91.2%, 27.6%) are
still not suitable for describing the structural noise, while some
structural methods such as NL{R (95.5%, 64.8%) and SSRC (95.2%,
61.3%) present the better results. This experiment implies that the
proposed nesting-structured nuclear norm fits better to character-
ize real disguises than L;, L, or even nuclear norm.

6.4. Experiments using the multi-PIE database

In this subsection, an experiment is conducted on the Multi-
PIE database. There are 249 subjects in Session 1, and 166, 160,

175 subjects in Sessions 2, 3 and 4, respectively. The similar ex-
perimental setting as in [55] is adopted. We choose 7 frontal im-
ages with slight illuminations (Session 1) {05, 06, 07, 08, 15, 16, 17}
from each subject as training images and another 7 frontal images
with severe illuminations {00, 01, 02, 11, 12, 13, 19} per subject
from Session 2 are used as test images. We add randomly three
irregular block occlusions, including tiger, butterfly and lotus, into
the test images to validate the robustness of our methods to illu-
mination plus irregular occlusion (as shown in Fig. 9). Table 6 lists
recognition rates of all methods. It is clear that Nesting-NMR ob-
tains the highest recognition rate: 95.6%. NMR achieves the sec-
ond highest recognition rate: 94.3%. That means that 1.3% recogni-
tion errors can be avoided by using Nesting-NMR instead of NMR.
Meanwhile, we also see that LRC and CRC are sensitive to irregu-
lar occlusion. Thus, we can draw a conclusion that the proposed
method is effective for face recognition with irregular occlusion,
which implies the statistical meaning of Nesting-NMR is closer to
the nature of the structural noise.

6.5. Experiments using the FERET database

In this part, a challenging experiment is designed to handle face
recognition with pose, illumination and facial expression on FERET
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Training images

Testing images

Fig. 10. The samples for one person from FERET face database.

Table 6

Recognition rates (%) of LRC, RLRC, CRC, SRC, CESR, RSC, SSEC, SSRC, NMR, NL;R and nesting-NMR for

illumination variations on the Multi-PIE Database.

SRC CRC LRC RLRC RSC  CESR

SSEC  SSRC NMR  NL;R

Nesting -NMR

94.1 633 681 93.8 91.7 942

81.6 94.5 94.3 94.2 95.6

Table 7

Recognition rates (%) of LRC, RLRC, CRC, SRC, CESR, RSC, SSEC, SSRC, NMR, NL;R and our methods on the FERET face database.
SRC CRC LRC RLRC RSC CESR SSEC SSRC NMR NL;R Nesting-NMR
72.95+13.06 51.29+13.23 721241265 73.08+13.60 73.06+12.78 74.87+14.07 59.75+13.72 7412+14.89 71.63+11.91 7429+129 76.67+12.06

database. 7 images from FERET database for each subject are ran-
domly selected and in total 200 subjects are used for our train-
ing and test, and each image is resized to 40 x 40 pixels. Fig. 10
shows the samples of a person from this dataset. We choose a ran-
dom subset with 4 images per subject to form the training set
and take the rest for test. This experiment is repeated over 10
random splits of the data set. The average accuracy and the stan-
dard deviation of each algorithm are exhibited in Table 7. Com-
pared with other robust methods such as SRC, RSC and RLRC, CESR
obtains better performance. But they are still inferior to the pro-
posed method. Nesting-NMR integrates the spatial structure of the
noise into modeling, while other methods do not take this infor-
mation into account. Thus, our algorithm obtains the leading re-
sults. In addition, standard deviation of Nesting-NMR is relatively
low as compared to CESR, that is, it is robust to different partition-
ing data. The above experiment further demonstrates that preserv-
ing the structural information of the noise image does contribute
to face recognition with pose, illumination and facial expression.

6.6. Matrix completion on synthetic data

We generate the rank-r matrix D as a product UV, where U
and V are independent m x r matrices whose elements are inde-
pendent and identically distributed (i.i.d) samples from standard
Gaussian distribution N(0, 1). Thus, entries of D have mean 0 and
variance r. The locations of observed indices €2 are sampled uni-
formly at random. Let A be the percentage of observed entries
over m x m. We generate synthetic data X by X =D + AE, where
E is Gaussian white noise with zero mean and standard deviation
of one and A is the noise level. Suppose that X, is the recov-
ered solution by a certain algorithm. We define the total recon-
struction error by RE = ||X;,; — D||/||D||, which is a widely used
metric in matrix completion. Note that our programming environ-
ment is Matlab 2011, and all algorithms are implemented on a Core
Duo 2.93 GHz with 4G RAM desktop.

In this experiment, we first set A =A =0.5, and select m =
1000 and m = 10000, respectively. All the chosen algorithms are
run 20 times with the underlying rank r lying between 10 and 100.
To be fair, we try to choose the optimal parameters for all methods.
The mean errors for TNNR, SVP [53], SVT [54] and our method are
reported in Fig. 11(a) and (b), respectively. What is worth mention-
ing is that we consider TNNR-ADMMAP as TNNR since it gets the
best results in [47]. Compared with other methods, our approach
achieves higher accuracy. It is chiefly because our method com-
bines the global and local structures in modeling, which exploits
fully the structure information of X. Meanwhile, the result of TNNR
is considerably competitive. And the performance of SVT and SVP
is almost the same.

Then, we fix the rank r=100, m=n and A = A =0.5. All the
chosen algorithms are run 20 times with the underlying size m
lying from 1000 to 10,000. The average time consuming for all
methods is compared in Fig. 11(c). Since the proposed method car-
ries out SVD on the smaller matrices and avoids the nesting loop,
it consumes less time than TNNR. With the increasing of dimen-
sions, the advantage of the speed for our method becomes more
obvious. Additionally, it is found that the time consuming of SVT is
relatively high as compared to other methods.

6.7. Matrix completion on real visual data

In order to verify the effectiveness of our algorithm on real
data, as well as illustrate it in a visible approach, we apply the
nesting-structured nuclear norm based matrix completion for im-
age recovery. As a colored image is commonly represented as
three matrices (containing red, green and blue components respec-
tively), we independently deal with each of three matrices and
combine them together to obtain the final results. We compare
the proposed method with several representative matrix comple-
tion algorithms, including SVT, SVP and TNNR. Performances of
different algorithms are evaluated by the well-known PSNR (Peak



L. Luo, J. Yang and Y. Zhang et al./ Pattern Recognition 91 (2019) 147-161 157

4 3.5
3.9 >
4
3.8
N’\ N’\
o (=]
T 3.7 =
8 g °
T 36 & © R
o //' o :3/Q N
S 35 o
° B
2 2 A
B % 25 -
<] s %
Q (5]
g & ]
—#— TNNR | S —— TNNR
—— SVT % T —%— SVT
SVP —&— SVP
—%— NNC —*— NNC
3 L L 2 T T
10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
Rank of D Rank of D
T T T T T T T T
”
¥
A
3
10 - E
- - S
) il
8 e
g ;
c ¥
g ) g
s ) -
g / =

—#— TNNR |{
——SVT |4
—&—8W |

—*— NNC
T

2 [ [ [ [
1000 2000 3000 4000 5000

(c)

L [ L
6000 7000 8000 9000
Size of D

10000

Fig. 11. (a) The reconstruction error versus the matrix rank for m = 1000; (b) The reconstruction error versus the matrix rank for m = 10000; (c) The time consuming versus

the size of matrix from 1000 to 10,000.

Table 8

The Comparison of PSNR Values and average running time (second) by different matrix comple-

tion algorithms (corresponding to Fig. 12).

TNNR SVP SVT NNC
Cases ) X N N
PSNR Time PSNR Time PSNR Time PSNR Time
Random mask  24.389 18.10 18.263  20.2 21398 60.10  25.183 10.3
Text mask 37.638 231 10.695 219 31532 591 39325 890

Signal-to-Noise Ratio) metric [43]. We try to tune the parame-
ters to be optimal of the chosen algorithms and report the best
result.

Two experiments on the real images are implemented. The
first is a relatively easy matrix completion problem with random
mask, where the missing entries are randomly distributed on the
300 x 300 image (as shown in Figs. 12 or 13). Second experiment
uses text mask. It is generally agreed that image inpainting with
text mask is more difficult since the observed pixels are not ran-
domly sampled and text mask may result in loss of important im-
age information. We report our results in Figs. 12 and 13. It is
seen that the results of the compared methods are encouraging
for random mask, but SVP is still sensitive to text mask. Notice

that the higher PSNR value represents the better performance. The
results in Tables 8 and 9 further demonstrate the advantage of
our method over the other methods. Therefore, considering the
structural information (including local and global structures) does
play a pivotal role in matrix completion problem. Next, we com-
pare the time consuming of all methods for the above two ex-
periment. Each of the above experiments is run 20 times and
we compute the average time consuming. The results are also
shown in Tables 8 and 9, from which we find that our method
is still fastest. Especially, the time consuming of NNC is less
than half of TNNR. SVT is significantly more time-consuming than
SVP. Thus, our method is reliable in both time consuming and
performance.
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Original image

_ i 5 = 3 21 d ”
Recovered image by TNNR  Recovered image by SVP Recovered image by SVT Recovered image by NNC

Recovered image by TNNR  Recovered image by SVP Recovered image by SVT ~ Recovered image by NNC

Fig. 12. Comparison of image recovery by using different matrix completion algorithms for random mask.

Table 9
The Comparison of PSNR values and average running time (second) by different matrix comple-
tion algorithms (corresponding to Fig. 13).

TNNR SVP SVT NNC

Cases N N - -
PSNR Time PSNR Time PSNR Time PSNR Time

Random mask  25.541 194 20450 332 16.684  55.6 25973 6.78
Text mask 17.389 12.7 15367 289 16.231 59.1 17582 6.24

Table 10
The influence of different factorization strategies to the recognition performance on the Extended Yale B database.
Factorization 1x1 3x3 4x4 6x6 8x7 12x12 16x14 24x21 48x42 96x94
Cases  Occlusion  43.2 59.3 65.2 67.2 69.5 68.5 62.0 61.2 52.7 474
Subset 4 83.0 872 91.5 93.2 95.2 94.1 94.8 93.8 93.6 95.2
Subset 4 451 53.9 60.7 62.7 63.5 62.1 61.2 59.2 50.8 479
Table 11
The influence of different factorization strategies to the recognition performance on the AR database.
Factorization 1x1 3x3 5x3 5x5 5x6 9x10 15x15 45x30
Cases Sunglasses 91.2 93.7 95.2 96.2 96.5 96.1 95.1 953

Scarf 59.5 63.2 66.3 68.1 68.5 67.8 65.2 65.0
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Fig. 13. Comparison of image recovery by using different matrix completion algorithms for random mask.

6.8. Performances of different factorization strategies

We take the extended Yale B and AR databases for the examples
to investigate the optimal factorization approach in this subsec-
tion. Different factorization strategies are chosen to deal with face
recognition with occlusion, illumination or real disguises (which
corresponds to Tables 3-5). The experimental results are listed in
Tables 10 and 11, respectively. It is seen that when p, q<[5, 10],
the optimal recognition rates are achieved. In fact, each sub-matrix
with dimensions of p x q(wherep xqe[5, 10]) can reflect the
local structure of original error image. Thus, such a factorization
strategy can capture the local structure information well, leading
to the outstanding performance.

6.9. The choice of parameters

In this subsection, we discuss how the parameters in model
(1) affect the performance of the proposed method. Throughout
this paper, the face images are carried out the normalization pro-
cessing. This makes our method robust to different parameters. For
the convenience, all weights w}. are set as 1. Thus, there is only a
parameter p in the proposed model. Fig. 14 shows the influence of
different parameters p to the recognition performance on the ex-
tended Yale B (Section 6.2), AR (Section 6.3), Multi-PIE (Section 6.4)
and FERET databases (Section 6.5). From Fig. 14, it is found that

100
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Fig. 14. The influence of different parameters p to the recognition performance on
the Extended Yale B, AR, Multi-PIE and FERET databases.

when p is around 10, the optimal recognition rates are obtained
for different face recognition scenarios. In addition, the choice of
parameters on matrix completion is also discussed. The similar
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Fig. 15. The influence of different parameters p to the recognition performance for
matrix completion.

experiment setting as in Section 6.7 is used. The influence of differ-
ent parameters p to the matrix completion is exhibited in Fig. 15,
from which it is seen that the best results are achieved in the
range of [0.001, 0.01].

7. Conclusions

Considering the structural information of the matrix variate has
become the hot topic in pattern recognition and computer vision.
This paper establishes a nesting matrix structure and uses it to in-
duce a nesting-structured nuclear norm. Based on this norm, we
present a nesting-structured nuclear norm minimization (NSNM)
model and develop an improved sub-gradient method to solve
it. NSNM captures effectively the global and local structures of a
matrix variate, and owns the lower time complexity than tradi-
tional nuclear norm minimization due to the effect of partition.
The analyzed statistical meaning shows fully the reasonability of
our method. What is more, the proposed framework is applied to
matrix regression and completion problems. In our opinion, the
main limit of our method is in dealing with sparse noise. Since our
method integrates the structural information of noise into model-
ing, its advantage is not obvious for sparse noises which are inde-
pendently generated. Meanwhile, our method may not handle well
non-aligned face recognition problem, which is the common lim-
itation of regression based methods. Therefore, in the future, we
need to develop an effective framework to overcome the above
limitations. We will analyze the essential attribute of the noise in
real data from statistical and physics viewpoints. Leveraging these
properties, we can automatically fit noise to improve the perfor-
mance of models. In addition, it is an interesting research direction
to provide the theoretical analysis for the NNC model.
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